English VVersion

F.3 Coordinate Geometry
Revision Notes:

1. Distance formula FEEE/NE
The distance between any two points A(Xy, Y1) and B(x,, ¥») h a rectangular coordinate plane is give by

A AR T _E AT 9RE A(xe, Yo) R B(Xe, Ya) 2 RIAEERE AT ERIRAL - Bk, o)

AB = (X, — X,)* + (Y, = ¥,)? A(X)M(
1 Y1

2. Slope and inclination #IZREA{HFE
The slope of the straight line L passing through (2, 1) and (3, 5)

Wi (2,1) (3, 5) IVE4E L (YRR
5-1
3.2 < Substitute x; =2, y; = 1, X, =3 and y, = 5 into
4 the formula m=2-%1 =
=7 X2 =X
i‘ (X, y1)

Slope of L L Ay&l&E=tan & <« @isthe inclination of L. & % L f{E -
4=tan @

6=176.0° (cor.to 3sig. fig.)
The inclination of L is 76.0°. E 4% L Ay{HE S 76.0° -

3. Parallel and perpendicular lines SZ{T4REATE H 4R
Let m; and m; be the slopes of straight lines L; and L respectively.

S my AT mp 5B LR Ly A Ly AIRIEK -

(@) Parallel lines “E1T74% (b) Perpendicular lines =T E 4%
(i) If Ly // Ly, then my =mj. (i) IfLy L Ly, thenmy x mp=-1.
Li//Ly > Blmy=my L1l Ly Bfmpxmy=-1-
(it) 1f my=mjy, then Ly // L. (i) fmyxmy=-1,thenl; L L.
Fmy=my e Jf Ly /L e Fmyxmy=-1-HlL 1 Lo
y
Ly L,
slopel= m, ~
VA

4. Mid-point formula
e.g. If M(x,y) is the mid-point of the line segment joining A(1, 6) and B(3, 10), then

& M(x, y) 252 AL, 6) Al B(3, 10) Hy&RELHY 1 » Al

1+3 _ _ 7
X=——=2 < Substitute x; = 1 and x, = 3 into
X, + X w
the formula x = % (% ¥2)
(x
y= 6+10 = 8 « Substitute y; =6 and y, = 10 into
Vit Yo (%, ) .

the formula y = = 0



5. Section formula
e.g. P(x,y) is apoint on the line segment joining A(1, 1) and B(4, 7). If AP : PB =1 : 2, then

A
=M=2 <« Substitute x;, =1, x, = 4, r =1 and s = 2 into the
1+2 SXy + X,
formula x=———=.
2(1)+1(7) e
+
:(—:3 <« Substitutey; =1,y,=7,r=1ands=2
1+2 . Sy, + 1Y,
into the formula y = —=. 5 > x
r+s

Worked examples:

e.g. 2.1 In the figure, the coordinates of A and B are (2, —4) and (10, 11) respectively. Find the distance
between A and B.

&l > AR B HYAER T BIE (2, —4) AT (10, 11) = 3K AR B Z [l AREERE - y| B0, 11)

Solution

AB= \J(10-2)? +[11- (-4)]* units BT
= V8% +15% units B
= /289 units EA1r

= 17 units EEAY
e.g. 2.2 Inthe figure, A(-3, 1), B(4, 4) and C(7, 1) are the vertices of /AABC. Find the perimeter of /\ABC,
correct to 3 significant figures.
& - A3, 1) ~ B(4,4) 1 C(7, 1) & AABC 1YTHES - >k AABC (Y5 » 2Bl 2 =1 A0 -
Solution
AC= [7 — (-3)] units BEfiz. = 10 units E&Ar

0
A(2 4

B4, 4)
AB = \[4— (-3)F + (4_1)? units Bifir= /58 units EE{ir
BC = (7-4) + (1—4)° units B {ir= V18 units By
Perimeter of /AABC L
- AC3,1) 1)
=AC + AB +BC
= (10 + /58 + /18) units EEfir 0 X

=21.9 units E&{\7, cor. to 3 sig. fig. (CEIEZE =17 GAEF)
e.g. 2.3 In the figure, the coordinates of A and B are (2, —3) and (8, 5) respectively. Find the slope of AB.

& > AR B HVAARST IR (2,-3) M1 (8,5) - K ABIURER =

Solution 569
Slope of AB AB fJR}3% ‘ /r
_5-(-3 X
o2 ’ A(2,-3)
_ 4
3

e.g. 2.4 In the figure, A(3, k), B(1, —1) and C(-2, 1) are the vertices of AABC. It is given that the slope of
AB is 2.

& A3, K) ~ B(L, -1) A1 C(-2, -1) & AABC HYTEEL - LRI ABHUREERZE 2y

AG, k)




(@  Find the value of k. 3K k FY{H -
(b)  Find the slope of AC. 3k AC 1R} -

Solution
(a)Slope of AB AB [fJ4} %= 2

1-k _
1-3
k=3
(b) Slope of AC AC fyft#
_ -1-3

-2-3

4
5
e.g. 2.5 Determine whether P(-1, 7), Q(3, —4) and R(7, —15) are collinear.
HIER P(-1,7) ~ Q@ —4) M R(7, -15) A k4R -

Solution
Slope of PQ  PQ Hy#&E% Slope of QR QR fy4l%
_—4-7 _ —15—(-4)
S 3-(-D T 7.3
11 _1un
4 I

- Slope of PQ =slope of QR  PQ #£1& = QR AyRER
. P, QandRare collinear. P - Q f1 R 343 -

e.g. 2.6 Inthe figure, L, is a straight line passing through the points P(1, 4) and Q(5, 6) while L; is a straight
line passing through the points R(2, 3) and S(4, 4). Show that L; // L.

Solution y

v 64 _ 1 Q(5.6)
Slope of Ly Ly YR} = T3 P(1, 4)

s 4-3 _ 1 - S(4, 4)

aaszm= 473 = 1 L

Slope of L, LHyg}= 12 5 iZ/ R(2,3)
"." Slope of L; =slope of L, L; AYRIE = LAyl © '
oL L

e.g. 2.7 Inthe figure, L; is a straight line passing through the points P(4, 12) and Q(14, 10). A straight line L,
passes through the point R(1, 1) and cuts the x-axis at S. If L; // Ly, find the coordinates of S.
[ - Lo —{RiE e P(4, 12) 71 Q(14, 10) Y E&R » Laj&—fRiEHE R(L, 1) AYE.&R HL 8L x dif
FHATHY S o %5 Lo/l Ly » 3K S HYAARE -

Solution
Let (s, 0) be the coordinates of S. 2% S flYALFE A (s, 0) - y
R R/ P(4,12)
. _ P - L1 Q(14, 10)
.".Slope of Ly =slope of Ly LiAYHYRIER= L, fyfl N
10-12 _ 0-1 R(L, 1)
14-4  s-1 Lose
S = 6 o S X

.. The coordinates of S are (6, 0). S HJLFEE (6, 0) °



e.g. 2.8 In each of the following, the straight line L is perpendicular to AB. Find the slope of L.

£ YIS EF > HER LEERY AB o 3K L FURER -
Solution:
(@) y (b) y
A A
L B(2, 4) X B(2,4)
L ]
0 > X 0 > X
X A@2, -2)
A(-3, -4)
_4-(4) _8 " L _LAB
Slope of AB = 2-(-3) 5 and  ABisa vertical line.
L I AB L is a horizontal line.
Slope of L x slope of AB = -1 Slopeof L=0
Slope of Lx%:—l L | AB
c Fe o AB RS -
Slope of L = _1X§ L 2K 4R
5 : L AURER =0
B

e.g. 2.9 (a) Given A(2, -1), B(6, 11), (x, y) is the mid-point of AB. Find the coordinates of M.
EATAR, -1) K B(6, 11) » M(x,y) /2 AB HYE: - XK M HYALEE
(b) Given A(Z, 0), M(3, 7) , M is the mid-point of PQ. Find the coordinates of Q(x, y).
EF1AL 052 M3, 7) » MJE PQ HyHEL « 2K Q(x, y) HYLAHE
Solution:
(a) By the mid-point formula, we have }E# 85\ > A1 :

«= (2+(6) yo—1+ll
(2) 2
=4 =5

Coordinates of M M fJ44FE = (4, 5)

(b) By the mid-point formula, we have
@+x ©)+y
3) = and 7) =
©) 5 (7) 5
Xx=5 and y=14
Coordinates of Q = (5,14)

e.g.2.9 Given A(-6, 3), B(6, —6), P(x, y) is a point on the line segment AB such that AP : PB=2: 1.
Find the coordinates of P.
EH1 A6, 3) k2 B(6, —6) » (x, y) ZHERE AL, 1) M1 B(4, 7) HYy&RES LHY—%E > Hrfr
AP :PB=2:1° 3K P [yAfE -

Solution:
By the section formula of internal division, we have FR{5 A4 BEHEREEAZL - A5 ¢



., _1-6)+2(6) _1(3) +2(-6)

y
(2)+@ 2)+@)
=(2) =(-3)
Coordinates of P = (2, -3)
Exercise
1. In each of the following, find the distance between the two given points.
(Leave the answers in surd form if necessary.)
2. In each of the following, find the slope of the straight line passing through the two given points.
3. Ineach of the following, determine whether the three given points are collinear.
4. In each of the following, find the inclination of the straight line passing through A and B.
(Give the answers correct to 3 significant figures if necessary.)
(@) \ by
0 X B(5, 6)
A(0,-3).L~
A(l,2)
B(-4,-5) /< '
5. If the slope of the straight line passing through the points P(k, —1) and Q(-4, 3k + 2) is —g , find the
value of k.
6. In each of the following, find the slope of a straight line parallel to the line segment PQ.
7. In each of the following, find the slope of a straight line perpendicular to the line segment AB.
8. In each of the following, show that AB // CD.
(@) A(1,3),B(7,12), C(-2,-6), D(8, 9)
(b) A(-4,8), B(11, 2), C(3, 5), D(13, 1)
9. In each of the following, show that PQ L RS.
(b) P(-7,-5), Q(-2,-1), R(-8, 6), S(4, -9)
10. Consider the points A(0, 4), B(n -1, n), C(2, -5) and D(6, —3) on a rectangular coordinate plane. Find the
value of n such that
(a) AB//CD, (b) AB L CD.
11. In each of the following, find the coordinates of the mid-point of the line segment joining the two given
points.
(@ A@3,-7),B(5,9) (b) C(-1,6), D(7,-8)



12

13.

14.

15.

16.

17.

18.

19.

20.

. M is the mid-point of the line segment PQ. The coordinates of M and P are (6, —2) and (4, 5) respectively.

Find the coordinates of Q.
If P(—3, —8) bisects the line segment joining the points A(—7, p) and B(q, 2), find the values of p and g.

In each of the following, P is a point lying on the line segment joining the points A and B. Find the
coordinates of P.

(@A(4,9),B(7,-3);AP:PB=2:1

(b)A(3, -6), B(10, 1); AP:PB=4:3

(C)A(-5, 8), B(9,-13); AP:PB=5:2

(d)A(-4, 2), B(6, 12); AP:PB=3:7

P is a point lying on the line segment AB such that AP : PB = 2 : 3. The coordinates of B and P are
(10, -5) and (1, 1) respectively. Find the coordinates of A.

P(—4, —2) is a point lying on the line segment joining the points A(h, —11) and B(-3, k) If
AP : PB =3: 1, find the values of h and k.

In the figure, P(8, 2), Q(-4, 7) and R(3, —1) are the vertices of a triangular field. A farmer wants to
surround the field by fences of length 30 m. Is the length of fences long enough? Explain your answer.

)

o-4,7

i\”& )
N :

0

RG3.-1)

In the figure, O is the origin. The coordinates of A and B are (16, 12) and (7, 24) respectively. AOAB is
right-angled at A. _

. . B(7,24)

(a)Find the lengths of the line segments OA and AB.

(b)Find the area of A\ OAB.

A(16, 12)

In the figure, A(0,~/3), B(1, 0) and C(2,~/3) are the vertices of AABC. Is AABC an equilateral triangle?
Explain your answer.

)

A0.43) Cc243)

) B(1,0)

In the figure, L, is a straight line passing through the points A(3, 8) and B(-5, 4). A straight line L, passes
through C(-6, —4) cuts the x-axis at D. If Ly // Ly, find the coordinates of D.



L'v

0~D

C(=6,—4)

21. In the figure, APQR is right-angled at Q. The coordinates of Q and R are (-5, 7) and (-9, -3)
respectively. P is a point lying on the y-axis. Find the coordinates of P. y

0(-5.7)

R(-9,-3)

22. Inthe figure, /A\OAB has vertices A(a, 0), B(b, ¢) and O(0, 0). Let M be the mid-point of OA. Prove that
/A\ABM and ABOM have the same area.

"
B(b,c) 4

H # X
U| M " Ada, 0)

23. Inthe figure, A(3, —4), B(-2, —7) and C(6, —9) are the vertices of /\ABC.

A

(a) Find the lengths of AB, AC and BC.
(b) Show that AABC is a right-angled triangle. 0 2

AQ3,-4)

C(6,-9)

24. In the figure, A(a, 0), B(0, 16) and C(-8, 0) are the vertices of an isosceles triangle ABC with
AB = AC.
(a) Find the value of a. |
(b) Find the perimeter of AABC, correct to 3 significant figures. /

B(0, 16)

X

C(-8,0) 0 Aa, 0)

25. In the figure, OABC is a quadrilateral. C is a point lying on the positive y axis and the coordinates of A
are (12, 6). The lengths of AC and OC are equal. »

¢ B

(a) Find the coordinates of C.

(b) If AB is vertical and BC is horizontal, find the area of OABC.

A(12, 6)

X




26.

27.

28.

29.

30.

31.

In the figure, L is a straight line passing through P(16, —5) and Q(4, 10). L cuts the x-axis at A. Find the
coordinates of A.

v

\’<10)
A .
X

0 \

P(16,-5)

In the figure, B and C are points lying on the x-axis. A and D are points lying on the y-axis. P is a point
lying on the line segment AB. The coordinates of B, C, D and P are (12, 0), (18, 0), (0, 18) and (3, 6)
respectively.

L

N

(a) Find the coordinates of A. D
(b) Find the area of the quadrilateral ABCD.
A
?\

0 B G

In the figure, A(6, 2), B(—2, 0) and C(—4, x) are the vertices of a triangle ABC right-angled at B.

v

>A(b. 2)

B(2.0) |0 !

(a) Find the value of x.
(b) Find ZBAC. C(-4, %)

In the figure, the coordinates of P and Q are (-4, 3) and (-7, —1) respectively. Q is rotated anticlockwise
about the origin through 90° to R. "
P43
(a) Write down the coordinates of R.

(b) Is APQR aright-angled triangle? Explain your answer. ;

Q=7,-1)

In the figure, A lies on the x-axis and B lies on the y-axis. C(-2, —4) is a point lying on AB such that
OC 1L AB. i

A

(a) Find the coordinates of A and B. X
(b) Find the area of /A OAB.

C(-2,-4) B

In the figure, A lies on the x-axis and B lies on the y-axis. /AAABC is right-angled at C and the coordinates

of C are (6, —6). The slope of AC is %



C(6,-6)

(a) Find the coordinates of A and B.
(b) Find the area of A\ABC.



32.

33.

34.

35.

36.

37.

38.

39.

In the figure, P(8, x), Q(3, 3), R(11, —3) and S(x, 10) are the vertices of a quadrilateral PQRS, where PS //
QR.

v

P(8, x)
S(x, 10)
0GJ3)
0 \/ £
R(11,-3)

(a) Find the value of x.
(b) Find the perimeter of PQRS, correct to 3 significant figures.

In the figure, P(-1, -2), Q(3, -5), R(6, —1) and S(2, 2) are the vertices of a quadrilateral PQRS.

)}

$(2,2)

Z R(6,-1)
P(-1,-2)

0@3,-5)

(a) Find PQ, QR, RS and PS.
(b) Show that PQRS is a square.

In the figure, PQRS is a parallelogram. The coordinates of P, Q and R are (-3, 6), (-1, —2) and (8, —4)
respectively.

v

(a) Find the coordinates of S. Pk

(b) T(x,y) isa point lying on PQ. .
(i) Expressy in terms of x.
(if) Find the coordinates of T if ST L PQ.

(iii) Find the area of PQRS. 0
0(-1,-2)

R(8.-4)

Consider the points A(3, 1) and B(-2, 4). C is a point lying on the x-axis such that AC = BC.
(a) Find the coordinates of C.
(b) A student claims that C is the mid-point of AB. Do you agree? Explain your answer.

If M(p, q) is the mid-point of the line segment joining the points A(q, 7) and B(1, p), find the values of p
and q.

P(-2, a) is a point lying on the line segment joining the points Q(2b, 5) and R(a, b). If
QP : PR =25, find the values of a and b.

Consider the points A(-10, 3p) and B(6, p). The line segment AB is produced to cut the x-axis at C.
(a) Find AB : BC.
(b) Let p = 4. Using the result of (a), find the coordinates of C.

Consider the points A(7, 1), B(5, —1), C(-3, -9) and D(-2, —-8). It is given that M is the mid-point of AC.
(a) Find the coordinates of M.

(b) Show that B, M and D are collinear.

(c) Find BM : MD.

10



40. The line segment AB cuts the x-axis and the y-axis at P and Q respectively. If the coordinates of A are (—

41.

42.

43.

44,

6, 6) and AP : PQ : QB =3: 3: 2, find the coordinates of B, P and Q.

In the figure, the line segment joining the points A(7r, 4) and B(r, —2) cuts the x-axis at C.

)

A(7r, 4)

C

B(r,-2)

(a) Find AC:CB.

(b) The line segment AB is produced to cut the y-axis at D and let r = 1.
(i) Find DB : BC.
(i) Find AC: CB: BD.

In the figure, AABC is right-angled at B which lies on the x-axis. D is a point lying on AC such that BD
1 AC. The coordinates of A and D are (-1, 4) and (3, 6) respectively.

y
C
D(3, 6)

A4

0 B

(a) Find the coordinates of B.
(b) Find the coordinates of C.
(c) Find AD : DC.

In the figure, the line segment joining P(18, 24) and Q(-27, —6) cuts the y-axis at M. N is a point lying on
the x-axis such that MN L PQ. The line segment PN is produced to meet the y-axis at R.

)

P(18,24)

M

W

ol /N

R

(a) Find the coordinates of M and N.
(b) Find PN : NR.

In the figure, /AA\OAB has vertices A(a, 0), B(b, ¢) and O(0, 0). M and N are the mid-points of AB and OA
respectively. OM and BN intersect at P.

v

B(b, ¢)

H H X
0| N A(a, 0)

(a) Let P, and P, be the points on BN and OM respectively such that BP; : PN = 0P, : P,M =2: 1.
Find the coordinates of P, and P».
(b) Hence, prove that OP : PM=BP : PN=2:1.

11



Multiple Choice Questions
45. Which of the following points is farthest from the origin?
A (-1,7) B. (2,5) C. (4, -6) D. 0, 7)

46. A straight line cuts the x-axis and the y-axis at A(p, 0) and B(0, —p) respectively, where p is a positive constant.
Find the slope of the straight line.
A 1 B. -1 C. 2p D. -2p

47. Consider the points A(3, 8) and B(-2, —2). C is a point lying on the y-axis such that AB L BC. Find the coordinates
of C.
A. (0,3) B. 0,0) C. 0,-1) D. 0,-3)

48. M(4, -3) is the mid-point of the line segment AB. A and B are points lying on the x-axis and the y-axis respectively.
Find the coordinates of A and B.

A. A(8,0), B(0,-6) B. A(0, 8), B(-6, 0)

C. A(0,-6), B(8, 0) D. A(=6, 0), B(0, 8)
49. P(5, -8), Q(k, 4k) and R(-10, 2) are collinear. Find PQ : QR.

A.3:2

B.2:3

C.k:2

D.k:3

DSE Type Questions

1. The coordinates of the points A and B are (-4, —2) and (3, 5) respectively. A is rotated anticlockwise
about the origin O through 90° to A'. B is translated leftwards by 10 units to B'.

(a) Write down the coordinates of A"and B'.

(b) Prove that AB is perpendicular to A'B".

2. The coordinates of the points P and Q are (-1, —4) and (1, 4) respectively. P is rotated anticlockwise
about the origin O through 90° to P'. Q is translated downwards by 17 units to Q".

(a) Write down the coordinates of P' and Q'.

(b) Prove that PQ is parallel to P'Q".

3. The coordinates of the points C and D are (3, 6) and (2, 5) respectively. C is reflected along the y-axis to
C'. D is rotated clockwise about the origin O through 90° to D'.

(2) Write down the coordinates of C'and D'

(b) Prove that CD is perpendicular to C'D'.

DSE type MC (Optional)

1. Let O be the origin. If the coordinates of the points A and B are (20, 0) and (20, 15) respectively, then the
x-coordinate of the circumcentre of /AOAB is

A. 75. B. 10. C. 15. D. 20.

2. Let O be the origin. If the coordinates of the points M and N are (0, 18) and (-26, 18) respectively, then
the y-coordinate of the circumcentre of AAOMN is

A. —26. B. -13. C. 0. D. 9.
12



3. Let O be the origin. If the coordinates of the points P, Q and R are (9, 36), (41, 36) and (41, 11)

respectively, then the y-coordinate of the circumcentre of APQR is

A. 55. B. 18. C.

23.5. D. 25.

4. Let O be the origin. If the coordinates of the points A and B are (0, 29) and (20, 10) respectively, then the

x-coordinate of the orthocentre of AAOAB is

A. 95. B. 10. C.

5. Let O be the origin. If the coordinates of the points P and Q are (44, 46) and (67, 0) respectively, then

the y-coordinate of the orthocentre of AOPQ is

A. 22 B. 23. C.

6. Let O be the origin. If the coordinates of the points F, G and H are (0, 50), (60, 50) and (40, 0)

14.5. D. 20.

33.5. D. 44,

respectively, then the y-coordinate of the orthocentre of /AFGH is

A. 16. B. 217. C.

ANS:

1. (a) 10 units (b) 17 units  (c) V34 units (d) J65 units

2.) 2 (b) 5 () % ) % 4.(a) 266° (b)  45°
5 1
5. 2 6. = () ¢

7.@) —% (b) % 0. 7 (b)2

11.(a) (41) () -1  (©(3,4) (d)(-7.6)
12. (8,-9) 13. -18
14.(@) (6,1) (0)(7,-2) () (5,-7) (d) (-1,5).
15. (-5, 5). 16.h=-7. k =1
17. Yes
18. (@) OA =20 units, AB= 15 units

(b) 150 square units

20.(2,0). 21 (0,5). 23.(a) v/68 units
24.(a) 12 (b) 57.9 units
25. (a) (0, 15) (b) 144 square units
26. (12,0)
27.(a) (0, 8) (b) 114 square units
28.(a) 8 (b) 45° 29.(a) (1,-7)
30. (a) The coordinates of A are (10, 0)
The coordinates of B are (0, -5)
(b) 25 square units
31. (a) The coordinates of A are (10, 0)
The coordinates of B are (0, -2)
(b) 26 square units
32.(a) 16 (b) 47.9 units
33. (a) PQ =5 units, QR= 5 units
RS =5 units, PS=5 units
34.(a) (6, 4).
(b) (i) y=-4x—-6 (ii) (-2,2)

34. D. 50.

(iii) 68 square units
35.(@) (-1,0)
36.p=3,9g=5
37.a=3, b=-2
38.(@2:1 (b)(14,0)
39.(@)(2,-4) (c)3:4
40. The coordinates of Q are (0, —6).
The coordinates of B are (2, —-10).
41.(@)2:1 (b)()1:2 (ii)4:2:1

42.(a) (6,0) (b) (12, %) (c)4:9
43. (a) The coordinates of M are (0, 12).
The coordinates of N are (8, 0).
(b)5:4

a+b

44. (a) The coordinates of P, are (T , %).
The coordinates of P, are (aTer , %).

45.C 46. A 47.D 48. A 49.B

DSE type questions:

1. (&) The coordinates of A" are (2, —4).
The coordinates of B' are (-7, 5).

2. (a) The coordinates of P'are (4, -1).

The coordinates of Q' are (1, -13).

3. (a) The coordinates of C' are (-3, 6).
The coordinates of D' are (5, —2).

DSE type MC

1.B2D3C4A5AG6C
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English \Version

F.3 Trigonometry

Revision Notes:
1. Trigonometric Ratios of Acute Angles §REM=RLL

(a) Refer to the right-angled triangle ABC on the right. We have

Sinezopposnesme:g, Cosezadjacentsmezgy tan g — oppositeside _a
hypotenuse ¢ hypotenuse ¢ adjacentside b B
SELHIEA=A ABC » II5F]
c
: HiE _a WiE b HiZ _a a
sinf = =— > C0SH= »tanfd=—""—=— o
®iE c BB iz b
0
A |_C

(b) The following table shows the trigonometric ratios of some special angles.

NREUN SRR A=At -

0 . ) -
Trigonometric ratio 30 45 60
. 1 1 \/E
sing = 2 (or Y4y ﬁ
2 J2 o2 >
1, 2 1
cosd ﬁ 2 (or X2 1
2 J2 2 2
\/§
tang (or = 1 i
J§ 3
2. Trigonometric Identities =fE%R

(@) tanf= sind

(b) sin*@+cos’d=1  (or sin?d=1—cos’d or cos’f= 1 —sin’0)
(c) sin (90° — 6) = cosd
(d) cos (90° — @) =sind
(e) tan(90° - @)= L
~tand

3. Gradient and Inclination &I&EHIEA

The figure shows an inclined plane AB. The gradient of AB = % =tan @, where @is called the inclination of AB.

If the gradient of AB is expressed in the form 1 orl:n,then n= 1 .
n tan @
[ Ao B —(ERHE AB

AB fy4L =%=tan9 i g AB MR & -

- . 1 _. e 1
%ABE’\]?@’—?&U\H&l:né’ﬁﬁfﬁ%m’ﬁﬂn=tan0



4. Angle of Elevation and Angle of Depression {JIEARI{FA

(a) When an observer looks at an object above him, the angle

T’
«=

between the line of sight and the horizontal line is called the line of sight .-~
angle of elevation. e -7
’,/ﬁangle of elevation

Z : Horizontal lin
‘\\j\angle of depression orizontat fine

B E B R AL EITEPIRRE - SERRIZK P ER Z [EHY

o TKPER
KA Ry & - line of sidﬁt“\\c:\,
. . A —
(b) When an observer looks at an object below him, the angle A Al N AT

between the line of sight and the horizontal line is called the
angle of depression.

BB NBZEALH YT TR - GLERAIK R Z IRy
UETHVET

(c) Refer to the following figure. The angle of elevation of B from A is equal to the angle of depression of A from B.

276 NIE - A TS B RHIAZRR h B IS A HI(EA -

ie. 0=¢
Horizontal line °
angle of depression, 9/\,/

B

_-"line of sight

Ac,f}'angle of elevation, ¢
Horizontal line

5. Bearings AHfrA

(a) Compass bearing and true bearing are two methods of indicating the direction of an object relative to another
object.

AT e dg * = & FIE 2 & & EWEER R B S — @Y 5o -

(b) In compass bearing, directions are measured from the north (N) or the south (S) in the form N6 E, NOW, SO E
and SOW, where 0° < < 90°.

(e &R T A > D5 IEILEIEFERiaE K - TLL NOE ~ NOW ~ SOE F1 SOW P HFoR » Hfr
0° < 8<90° -



(c) In true bearing, directions are measured from the north in a clockwise direction in a 3-digit form.

(EFHE AL ARE > 5 HEIFAEIZIRE S T REE - WA= B A& SHIAE -

e.g. (i)

A (i)

’ j\
S a0e A7
’ | ]
b B
C v
The compasssbearings of A,B,Cand D
from O are N55°E, S47°E, S40°W and

N32°W respectively.

H1 O HI#5 A~ B~ C Fl D HIZRAEITfr
%ﬁ}%”% N550E N S47OE ~ S40oW %AD
N32°W o

Worked examples:

Eg. 3.1

Solution

Eg. 3.2

In the figure, find the values of sing, cos@and tané.

(Express the answers in fractions.) (&Z

By Pythagoras’ theorem,

FIFHEREH
AC =+ AB? + BC?
=+/20% +15°
=25
sing == -1 _3
AC 25 5
AB 20 4
cosf=—=—=—
AC 25 5
tan9=£=5—§
AB 20 4

e —
o 220° ‘o
C \ 4
The true bearlsngs of A, B, Cand D from O

are 055°, 133°, 220° and 328° respectively.

O MFA~B~C fl DAYH A
Sy AIE: 055° ~ 133° ~ 220° 1 328° -

C
DAY )
15
A o
B
20
e sing- opposite side
hypotenuse
oS0 — adjacentside
hypotenuse
tang = opposite side

adjacentside

In each of the following, find x. (Give the answers correct to 3 significant figures.)

@) N (b)
L om 48° \ 10 cm
L]
) 9 cm (d)
6cm

8 cm
[]

/

11 cm

Xcm

V24 cm




Solution

Eg. 3.3

Solution

(@)

(b)

(©)

(d)

= 15.1, cor. to 3 sig. fig.

tan x° = g
6
x = 56.3, cor. to 3 sig. fig.

V24

SinX=——
11

X = 26.4°, cor. to 3 sig. fig.

10 [cos| 48 [EXE
The keying sequences (4§
2R FF) here are for calculators
of model fx-3650P. Students
using other models should

C— refer to the manuals of their
own calculators if necessary.

¢ 8 [+](sin] 32 [Exe

9 [+ 6 [EXE| (sHiFT]
o
¢ [tan] [Ans] [EXE]

()24 (+]) 11 Exg
st
c{ (SHIFT] [sin] (Ans] [EXE]

Don’t omit the unit of x.
AERE x IYEEAL -

Without using a calculator, find the value of each of the following expressions.

A HEH RO T Y% =HYE -
(&) 2sin60° tan 30° (b)

(©)

(@)

(b)

(tan?60° — 1) cos® 30°

2 5in 60° tan 30° =2 x 33 x L
2 3
=1
1
c0s45° B J2
tan45°-sin30° | 1
2
1
J2

tan 45° —sin 30°
(d) cos55° sin35° + cos® 35°

& sin 60° tan 30° means
sin 60° x tan 30°.

¢ cos?30° means
cos 30° x cos 30°.



(d)  cos55° sin35° + cos? 35°
= sin (90° — 55°) sin 35° + cos® 35° € cos 6=sin (90° - 6)

= sin 35° sin 35° + cos? 35°

= sin*35° + cos® 35° G sin20+cos?O=1
=1
Eg. 3.4 Without using a calculator, find the measure of #in each of the following, where 0° < < 90°.
s AN R EROR MY 0 By R/ » Horpr 0°< 9<90° -
(@) 2sin #=tan 60° (b) tan26= _
2c0s30°
Solution (@) 2sin #=tan 60°
2sin@=+/3 ¢ tan60° =43
sin@ = ﬁ
6 =60° ¢ sin 60°=§
1
(b) tan20=——
2c0s30°
1
tan 260 =
V3
2x—— ¢ cos30°= N
2 2
1
tan20 =—
V3
20 =30° ¢ tan30°= =
0=15° Vs
Eg. 3.5 Simplify each of the following expressions. f&H{E 512 »
cos(90° -6
(a) Q
tané

(b) sin (90° — @) tan (90° — &) +sind

cos(90°—¢) sing

Solution @ C cos (90° - @) =sind

tand  tand .
) e sin g _sin cosd
_sing sing sin@
sin@ cosé
cosd
=co0sd

& sin (90° — 6) = cosd

. . 1 .
(b) sin (90° - @) tan (90° — @) + sin@ =cos€><tan€+sm0 tan (90° — §) = ——
tan@
coséd .
=C0SO X —— +5in@ e 1 _ 1 _coso
sind tand sind  sing
COSZH ) cosé
=— +sing
sin@
_cos’ O +sin’ 0 C cos?f+sin?0=1
sin@
1

<23
=]
N



Eg. 3.6 Prove each of the following identities. &8 N5 R -

(a) _coso =sind
tan(90° — 6)

(b) tan®@(1 + sing)(1 —sind) =sin’ @

_ cosd
" tan(90° - 0)
_ cosd

L ¢ tan (90 L
tan @ tan ( 769_tan0

=cosdtand

sing .
=05 = tan@—ﬂ

cosd cosd
=sin@

R.H.S. =siné
* L.HS.=R.H.S.

cosd
tan(90° — 6)

Solution (@)

=sind

(b) L.H.S. =tan® (1 +sin€)(1—sind)

=tan’ (1 —sin’ 6 € Use the identity
(a+b)a-b)=a?-b%
= tan® O cos® @ e 1-sin20=cos? 0
=2

= szg x C0S% O

cos“ @
=sin? o

R.H.S. =sin*0
* L.H.S.=R.H.S.

. tan? @ (1 +sing)(1—sing) =sin’ @
Eg. 3.7 Inthe figure, AP and AQ represent two straight inclined roads. It is given that ZAPQ = 20°, AP =12 m and
PQ=25m.
&l - AP i1 AQ ﬁ%ﬁlﬁﬂ%%ﬁﬂ%ﬂf% ° ER1 ZAPQ=20° > AP=12m A1 PQ=25m -

12m

20° Q

0

I 25m |

(a) Find the gradient of road AP. Express the answer in decimal. >KiEE% AP HYRER » ZBZEDUNEFER -
(b) Find the inclination of road AQ. “KiE[& AQ HYEEF] -
(Give the answers correct to 3 significant figures.)

Solution (a) Gradient of road AP = tan 20° ¢ The gradient of road AP can be

L . o1
= 0.364, cor. to 3 sig. fig. expressed in the form 1 : N 20° or

1:2.75 (where 2.75 is correct to 3
significant figures).



(b) Refer to the following figure. Draw a perpendicular line from A to meet PQ at B.
Let the inclination of road AQ be 6.

2B NE > @E kb A £ PQIVES » EFHE PQ KN B -
SR AQ HYEAE 0 -

A
In AAPB,

sin20° = ﬁ
12m

AB :125|n 20°m : 25m :
cosZO"zE
12m

PB=12c0s20°m

0
B

QB = PQ - PB = (25— 12 cos 20°) m
In AAQB,

AB 12sin 20°
tanf=—=—"-————
QB 25-12c0s20°

. 6=16.6°, cor. to 3 sig. fig. C 12(sin] 20 [+ [(
25 (=] 12 [cos] 20
.". The inclination of road AQ is 16.6°. ot
_) | [EXE] [sHiFT] [tan]
(Ans| (EXE]
Eg. 3.8 In the figure, B and C are points on the horizontal ground. The angle of elevation of the top A of a tower

from point B is 50°. The angle of depression of point C from A is 28°. The distance between B and the
bottom D of the tower is 30 m. B, C and D lie on a straight line. Find the distance between B and C.

[ o - B BT C BEAL A [E—{E /K | - B B BRI — BEEEAY THED A B9l 2 50° » H A HIES C
B A2 28° © B BUEHYEED D HYEEHEEZE 30 m- B~ C 71 D fiLjA[F—FRE 4R L - 5K B #1 C HYFEHE -
(Give the answer correct to 3 significant figures.)

A\ 50°
C B
. . - fe— 30m —
Solution ZACD =28° (alt. Zs, parallel lines) (“EAT4RAYANEEFS )
In AABD,
tan50° = £
30m
AD =30tan50°m
In AACD,
tan ZACD = 22 < A
CD
tan LACD = — "2
BC + BD 28°
AD C D
BC+BD=———— —
tan ZACD ~— BC+BD
AD

C=———-BD
tan ZACD

_ (SOtan 50° 30) "
tan 28°

=37.2m, cor.to 3sig. fig.

: ; , ¢ 30 (tan) 50 (%] (tan]
.. The distance between B and C is 37.2 m. 28 (=) 30 Bxe



Eg. 3.9 Ships A and B left a pier P at 1 pm. Ship A travelled at a speed of 20 km/h in the direction 143°. Ship B
travelled at a speed of 35 km/h in the direction x°, where 180 < x < 270. If ship A was due east of ship B at 4
pm on the same day, find
A A RIS B 7E T/ L IRFESITSEE P - s A St 143° #9751 LUSER 20 ki 67T » 3 B 3 x° Y7161 sk
% 35 km/h (7 » Hie 180 < x < 270 « #5ffs A 1EE H F7F 4 BHAL5E B AIESE Y - oK
(@) X, North
(b) the distance between the two ships at 4 pm. FfSAE 4 4 BFAVEEEE -

(Give the answers correct to 3 significant figures.)

143°

Solution (a) Refer to the following figure. Draw a perpendicular line from P to meet AB at Q.
S NE > gE ki P 2 AB RYFELR - S FE4R 81 AB FHACR Q - North

ZAPQ = 180° — 143° = 37°
PA = distance travelled by ship A in 3 hours
fitt AFE 3 /NIF IR T HYRE R

=20 x 3km ¢ Distance = speed x timgtaken
=60 km PEHE = 2R x [

PB = distance travelled by ship B in 3 hours
=35 x 3 km
=105 km

In AAPQ, c P

PQ >
cos ZAPQ = BA 60 km

PQ = PAcos ZAPQ = 60c0s37° km
In ABPQ, e Q

= A
P
cos Z/BPQ = PQ = 60cass/ 105 km
PB 105
.. Z/BPQ =62.847¢°, cor. to 5 sig. fig. B

. X =180° + ZBPQ
= 180° + 62.847°

€ To reduce the error (3%7) due to
rounding off (M& 7 A), 62.847

= 243°, cor. to 3 sig. fig. (correct to 5 significant figures) is
used instead of 62.8 (correct to 3
(b) In AAPQ significant figures).

sin ZAPQ = QA
PA

QA = PAsin ZAPQ = 60sin 37° km
In ABPQ,

sin Z/BPQ = QB
PB
QB = PBsin ZBPQ =105sin 62.847° km

.". The required distance = QB + QA C If we use ZBPQ = 62.8°
= (105 sin 62.847° + 60 sin 37°) km 10 find the required

distance, we will only
= 130 km, cor. to 3 sig. fig. get 129 km.



Exercise
Part 1 Trigonometric Ratios

In each of the following right-angled triangles, find the values of sin #, cos ¢ and tan 6. (1 — 2)

1.

A
0 15

9

B 12 c

2.

24 10

Find the unknowns in each of the following right-angled triangles. (3 — 10)

3.

A

N

B

5.

P
Q

57°
X
y
30
429
= R
0 X
15
X
9.4
0

7.

(&)
8E\
D E

P

4

Q

4,
6.
A
60°
24
%
—
B ¥ C
8.
A
X
6
0
B 11 C
10.
B %
9 A
7
15
C



11. In the figure, ABCD is a square and AED is a straight line. If AE =5 and AB = 16, find 6.

A E D
0
B &
12. In the figure, ABCD is a rectangle. The diagonals AC and BD intersect at E. If BC =20 and CD = 13,
find 6. A D
6
E
B i

13. If the area of the trapezium ABCD shown in the figure is 72 cm 2, find 6.

A 9 cm D
L

0
B ]
15cm C

14. In the figure, a ladder of length 10 m leans against a vertical wall. The bottom of the ladder is 3 m away
from the wall. Find the angle made by the ladder with the horizontal ground.

10 m

ground fe—>]

3m

15. In the figure, BC is a vertical tower of height 20 m. A and C are on the same horizontal ground. Given
that «/BAC = 37°, find the distance between A and C.

A ground C

10



16. An iron ball is attached to the end of a rod. It swings back and forth in a plane. The figure shows
different positions of the ball. Find 6.

0.8 m

X
Y

02m

17. The figure shows a triangular park ABC. Find the area of the park.
G

7m

A<]|

18. In the figure, AB and CD are two vertical buildings of heights 70 m and 30 m respectively. B and D are
on the same horizontal ground. Given that Z/BAC = 46°, find the distance between the two buildings.

A
|
46°
70 m C
30 m
[l 1
B D ground

Use a calculator to find & in each of the following. (19 — 20)

19. 4tan & =7 +sin 38° 20. tanH#-3cos55°=0
21. (a) Find the value of tan 17°. 22. (a) Find the value of cos 46°.
(b) If cos € =tan 17°, find 6. (b) If 2sin 8—cos 46° =0, find 6.

Find the unknown(s) in each of the following figures. (23 — 26)

23. 24. PSQ is a straight line.
A D
1 550
6
X P
B 4 7
: 30°
a Q T R

11



25. PR intersects QS at T. 26. BCD is a straight line.

S
o 19
T
0
10
) 15 R

Part 2 Trigonometric Relation
1. The figure shows a AABC. ZB =90°, BC =7 and AB = 3. Use Pythagoras’ theorem to find the values of

sin @, cos @ and tan 6.

A

B 7

2. ltisgiventhattan = g Use Pythagoras’ theorem to find the values of sin ¢ and cos 6.

3. ltisgiventhatsin 6= % Use Pythagoras’ theorem to find the values of cos # and tan 6.

4. ltis given that cos 6 = 0.125. Use Pythagoras’ theorem to find the values of sin ¢ and tan 6.

Find the value of each of the following. (5 - 8)

5. (sin 60° cos 45°) 6. 030° | in2ase
sin60°
7. tan® 45° + cos® 60° g, C0s60°tan30°

sin30°tan 60°

In each of the following, find the value of 6. (9 — 12)
9. 2sing=+2 10. 2cos =1

11. +/3tan@ =2cos60° 12. tan @ = 2 sin® 45°

Find the unknown in each of the following figures. (13 — 14)
13. 14.

A
X cm '

5m
30° -
A C )
13 cm B

X m

12



Simplify each of the following. (15 — 18)

cosd 1-cos’é

15. Y1-sin?6 -tand 16. b
1-sin?@  sing
A S 18. 1 sin 6 cos & tan (90° - 6)
sin“(90° - 6)
19. Express cos’ @ + sin® 6 cos® @ in terms of cos 6.
5 sin?@ ) .
20. Express (1-cos 9)(1+ > j in terms of tan 6.
cos“ 4
Evaluate each of the following. (21 — 24)
2 o 2 o
C?sz 20 +C052 70 22. cos® 11° —sin® 79°
sin“ 42°+cos” 42°
23. tan 36° sin? 54° — cos 54° cos 36° 24. tan 25° sin 65° sin 25° + cos® 25°
25. Given that cos 6 = % find the value of 7 cos (90° — #) tan (90° — ).
26. Given thattan = g , find the value of 3 tan 8 —tan (90° — 0).
In each of the following, find the value of 4. (27 — 28)
27. c0s 66° = sin 28. tan36°= -
tan(90° - 9)
Prove each of the following identities. (29 — 32)
29. cos?x —sin’x=2cos?x — 1 30. sinx(i—_ijzcosx—l
tanx sinx
31. (sinx-1) tanx+_; = —COS X 32. 1_ - 1_ = 2tanx
sin(90° — x) 1-sinx 1+sinx cosx
33. ltisgiventhattan § = % . Use Pythagoras’ theorem to find the value of cos’ € sin .
34. ltis given that sin 6 = g Use Pythagoras’ theorem to find the value of Zcf:; :
In each of the following, find the value of 6. (35 — 40)
2€050 _ o450~ 0 36. 2cos (A +45°)—1=0
tan 60°
37. tan(50°-6)-1=0 38. cos@—-sinfd=0
39. +/3sing=coso 40. sin 30° cos & — cos 30° sin H=0

13



Find the unknowns in each of the following figures. (41 — 42)

41. 42. ACD is a straight line.
A
D
84 C
60° /

14 y

X

B < o X
3 30°
¥ h A . B

Simplify each of the following. (43 — 44)

2 o _ M o _
. CF)SZ (0°-9) 1 44, sin(90° — 6) _ cos(90° — 6)
sin“(90° - @) tané@ tan(90° — 9)
45. Express 4 _200500°=0) i1 terms of tan 6.

tan(90° - 9) cosé

] 3
46. Express sin” 0 + cos”0tan g in terms of cos 6.

sin@cos@

4tan@

47. Given that sin (90° —60) = 1 , find the value of ——.
5 sin@dcosé

48. Itis given that tan o = % and sin g = é Find the value of sin & cos f+ cos a sin S.

Prove each of the following identities. (49 — 52)

49. sin@+cosd+tandsinf = L+cos¢9tan6’

cosé
50. _ —3in49=—sm(90 —0)
cos(90° - 0) tand

tan(90° —x) +1 1+tanx

51. =
tan(90° - x)-1 1l-tanx

cosx  1+sinx

52. — =
1-sinx COS X

14



Part 3 Application of Trigonometry
1. The figure shows a ramp with a horizontal distance of 8 m and a vertical distance of 2 m.

2mN
0

8 m

(a) Find the gradient of the ramp in fraction.
(b) Find the inclination & of the ramp.

2. The gradient of a straight road is 3 in 13.
(@) What is the inclination of the road?

(b) If the horizontal distance of the road is 50 m, what is the length of the road?

3. Inthe figure, the inclination of an inclined road is 8°.

(a) By how much does a car rise if the horizontal distance travelled is 2000m?
(b) Find the distance travelled by the car along the road when the car has risen 150 m.

4. Inthe figure, AB is a straight road and it is measured as 2.5 cm on the map. If the scale of the map is 1 :
20 000, find the gradient in fraction and the inclination of the straight road AB.

Scale 1 : 20 000

5. Inthe figure, Jason stands at the top of an inclined stage. If the height of his eye level from the top of the
stage is 1.2 m, find the angle of depression of the bottom of the inclined stage from Jason.

15



6.

In the figure, a boy is flying a kite. The horizontal distance between the boy and the kite is 20 m. If the
angle of elevation of the kite (K) from the boy (B) is 35°, find the length of the string.
(Assume that the string is taut.)

In the figure, Susan looks at the top of a tree. The tree is 3 m away from her. Her eye level is 1.5 m above
horizontal ground level and the angle of elevation of the top of the tree from her eye is 18°. Find the
height of the tree.

€ 3m >|

In the figure, a rocket is launched vertically from a base B. When it is 250 m above horizontal ground
level, the angle of elevation of the rocket from a point P on the ground is 20°. When the rocket is x m
above the ground, the angle of elevation from P is 35°.

(a) Find the distance between P and B.
(b) Find the value of x.

S N
"357{‘\
A2 i :_| 2007\‘\\\‘
B

In the figure, the bearing of a lighthouse L from a boat B is S40°W. Find the compass bearing of the boat
from the lighthouse.

1
T e
/
/
/
/
/

P

N

A
R

40°

-

16



10. The figure on the right shows the locations of three buildings A, B and C. A, B and C are at the same
horizontal ground level. Find the true bearing of

N
A
(a) AfromB, A
(b) CfromA,
N
(c) BfromC. 18° 350 A
[T

C

jun|

11. Inthe figure, three trees A, B and C are at the same horizontal ground level. A is 250 m due south of C.

is 380 m due west of C.

(@) Find the true bearing of B from A. @B CQ
(b) Find the true bearing of A from B. 380 m

12. In the figure, a student leaves his school (S) and walks in the direction S53°E for 10 km to A. Then he
walks in the direction S37°W for 5 km to B.

)
(a) What is the distance between S and B? g —id

(b) What is the compass bearing of B from S?

13. Inthe figure, a car travels 200 m up along a ramp with an inclination of 19° and then 250 m further up

B

along another ramp with an inclination of 29°. What are the horizontal and vertical distances that the car

travels?

17



14.

15.

16.

17.

In the figure, Jenny walks up from A to the top C of a hill through B. The inclinations of AB and BC are
18° and 11° respectively. The length of AB is 1.2 km and that of BC is 1 km. Then she walks down to D
which is at the same horizontal level as A. The horizontal distance between C and D is 2 km.

(a) Find the vertical distance between A and C in m.
(b) Find the inclination of CD.

The figure shows a contour map with a scale of 1 : 50 000. AB and AC are two straight paths. The
lengths of AB and AC are measured on the map as 0.8 cm and 1.6 cm respectively.

(a) Find the inclinations of AB and AC.
(b) Which path, AB or AC, is steeper? Explain your answer.
(c) Find the actual length of the steeper path.

Scale 1 : 50 000

The figure shows a contour map with a scale of 1 : n. The lengths of two straight paths AB and AC are
measured on the map as 1.2 cm and 2.2 cm respectively. It is given that the inclination of the path AB is

25°,
\400 m/
\ -
0 m /

(a) Find the value of n, correct to the nearest thousand.
(b) Using the result of (a), find the inclination of AC.

Scale 1 : n

In the figure, the height of a building is 80 m. P and Q are two points 20 m apart at horizontal ground
level. The angle of elevation of the top A of the building from P is 43°. It is given that A, P and Q lie on
the same vertical plane. Find the angle of elevation of A from Q.

A

o AN

LIl .

L] S

Ll W%

L] W

1] NN

o B ) 8 Y

=m A

For 80 m . \\

L N | \\ Ny

O] %% .

mm o

- " .~

Ak oo
s 439,
(0] P
€20 m>|

18



18. The figure shows a building NO. M is a point on the building such that NO = 2MO. A car is at a point P
at horizontal ground level. It is given that N, M, O and P lie on the same vertical plane. If the angle of
elevation of M from P is 25°, find the angle of elevation of N from P.

N
lEngn
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o H0E0
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19. In the figure, a man stands on a balcony in a building. The angles of depression of the top A and the
bottom B of a house from the man’s eye (T) are 30° and 60° respectively. It is given that T, A and B lie on
the same vertical plane. If the height of the house is 8 m, find the height of T above the ground.
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o e
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\ 8 m
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20. In the figure, a pilot at P in an aeroplane at a fixed height 8 km above the ground sees two towns A and B.
Assume A, B and P lie on the same vertical plane. The angles of depression of the towns A and B from P
are 76° and 25° respectively.

(a) What is the distance between A and B?

(b) If the aeroplane flies horizontally at a constant speed of 200 km/h, find the time (in minutes)
required for the aeroplane to reach the point vertically above B.

19



21. In the figure, a radar station A is 5.4 km due west of radar station B. The bearing of a ship C from A is

057° while the bearing of C from B is 324°. 1
C

(a) Find the shortest distance between C and AB.

(b) Find the distance between A and C. N N
57°
N
. B\P324°
je—— 5.4 km —]

22. In the figure, two boats A and B sail at constant speeds leaving ports P and Q respectively at the same
time. A sails in the direction of N30°W at a speed of 15 km/h. The bearing of Q from P is S60°W. The
distance between P and Q is 20 km. If boats A and B meet two hours after leaving the port, find the speed
and the sailing direction of boat B.

23. In the figure, the bearing of an island C from a ship at A is N75°E. The ship sails 10 km eastward to B.
The bearing of C from B is N38°E. If the ship sails eastward from B at a constant speed of 10 km/h, find
the time ( in minutes) required to reach the point at which the distance between C and the ship is the

shortest.

20



24. In the figure, Calvin walks 1.5 km in the direction N35°E to B from A. He then walks 2.2 km in the
direction S55°E to C from B. Finally, he returns straight to A from C at a constant speed.

(a) Find the direction of his return route. N
(b) If he needs to get back to A in 10 minutes,
write down a possible speed for his return journey.

25. Acar travels 12 km from P to Q. Then the car travels 15 km to R from Q in the direction N30°E. The
bearing of Q from P is N40°E.
(a) Find the distance between P and R.
(b) Find the true bearing of R from P, correct to the nearest degree.
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ANS:

Part 1:

1. sinezi,cosH:E,tamﬁ):i
5 5 3

2. sinH:%,cos(J:%,tanH:%

3. x=11.0,y=9.24

4, x=14.7,y=12.3

5. x=20.1,y=22.3

6. x=12,y =208

7. x=17,0=619°

8. x=125, 6=28.6°

9. x=8.51, 6=64.8°

10. x=13.3, 6=27.8°

11. 51.9°

12. 114°

13. 45°

14, 72.5°.

15. 26.5m.

16. 73.7°

17. 19.1m?

18. 414m

19. 62.3°

20. 59.8°

21. (a) 0.306, (b)72.2°

22. (a) 0.695, (b) 20.3°

23. 8.87

24. 8.45

25. 854°

26. 0=23.6°x=32.1

Part 2:

1. sinH:i,cos:L,tanH

58 58
=3
7

2. sm@zi,cosé):i
Jor 97

3. cos@zg,tanezi
13 12

4. sin@zg,tané):@

- 3

.

s

. 3

9. 45°

10.
11.
12.
13.

14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.

26.

27.
28.

33.

34.

35.
36.
37.
38.
39.
40.

41.

42.

43.
44,
45.

46.

47.

48.

60°
30°
45°
6.5

5J3
sin 6
tan 6
tan? 6
sin? 4
cos? 4

tan? 0

N P O O B

==
ol|w

24°
36°
6

515
10412 [Or 2043

13 13

30°
15°
5o
45°
30°
30°
x=343 Y= 643
N LR ;.
J3'7 3
tan 0
0
2tan @
1

cosé
100

3v/21+8

25

Part 3:

1. (a) % (b) 14.0°

2. (a) 13.0°
3.(a)281m (b) 1080 m

|

(b) 51.3 m.

4., Gradient of AB= %

The inclination of AB is 11.3°
5. 28.8°
6. 244m
7. 247m
8.(a) 687 m (b) 481
9. N40°E.
10. (@) 325°  (b) 198° (c) 067°
11. (a) 303° (b) 123°
12. (@) 11.2 km (b) S26.4°E
13. Horizontal distance traveled=408 m,
Vertical distance travelled= 186 m
14. (@) 562m (b)15.7°
15. (a) Inclination of AB =20.6°
Inclination of AC=10.6°
(b) AB is steeper.
(c) 427 m
16. () 18000 (b) 26.8°
17. 50.6°
18. 43.0°
19. 12m
20.(@) 15.2km (b)5.15 min
21.(a) 2.38km  (b) 4.37 km

22. Speed of boat B = 18.0 km/h,
sailing direction of boat B : N3.69°E.

23. 15.9 min

24.(a) N89.3°W
(b) 16 km/h (Or other reasonable
answers.)

25.(a) 26.9km  (b) 034°

22



English \Version

F.3 Laws of Indices and Polynomials
Revision Notes:
1. Zero Index and Negative Integral Indices ZEf5RFIEEEFEE

(&) The zero index of any non-zero number a is defined as 1.
EMIEEE a VB ERH 1 -

ie. a’=1, wherea=0.
(b) The negative integral index of any non-zero number a, say a™, is defined as in .
a

ERIEEE a V&R (Flana™) ﬁ%/‘%a—ln °

-n

i.e. a"=-—,wherea=0andnis a positive integer.
.. 1 1 1 1
eg. (i) 5°=1,(6 i)y 32="=2, (-2°= =——.
g. (i) (-6)° = (i) 322() CoF =
2. Laws of Integral Indices EXEISBIER
If m and n are integers, a = 0 and b = 0, then
(@ a"xa"=a""" (b) a"+a"'=a"" (c) @"=a"""
a)" a"
d) (ab)"=a"n" e) |2 =X
(d) (ab) (e) (bj o
eg. (i) 2'x28=27"3=2% a’xa’=a"*=a"
(i) 2'+2°=2""3%=2" a’+a’=a"’*=a"
(i“) (27) 27 x3 _ 221 (a7)3 - a'7 x3 = a:21
(iv) (2b)*=2°p%=8b° (@°h)® = (@®)%° = a*>**p* = a°b°
V) (3] i @) _@)_a_a
b b® b3 b b* b* i

3. Polynomials ZIEH

(@) A monomial is an algebraic expression which can be (i) a number, (ii) a variable or (iii) the product of a

number and one or more variables.

1 . 1 .
e.g. 5,—2a, 4xy’ and 5 x* are monomials. x + 1, = and v/x are not monomials.
X

g N EAEE BRI () — L~ () — Bk (i) —(EEE— (6 2 (A eI -

fl 2 5~ —2a ~ 4xy? ﬁj_x I ETEAE o X+ 1~ _ﬁ\/—x.z,m%_t

(b) The coefficient of a monomial is its numerical part.

e.g. The coefficient of —2a is —2. The coefficient of 4xy” is 4.



4.

(©)

FRrAFHY R B o e R BLIE Y Thdk -

{4 - —2a HIHEUE -2 > 4xy’ IIREUE 4 -

The degree of a monomial is the sum of the indices of all the variables.
e.g. The degree of —2a is 1. The degree of 4xy” is 3.

FRIEzY = SR AT A S BT E A -

{40 - —2a YRELE 1 dxy® INREE 3 -

(d) A monomial or the sum of monomials is called a polynomial. Each monomial is called a term of the

(€)

)

(@)

polynomial. Among all the terms in a polynomial, the one with the highest degree determines the degree of

the polynomial.

e.g. The degree of —3x® + x* + 7 is 4. The degree of x°y — 3x%y + y* is 6.

—{EFEIHA B E BT AR 5y § 98 3% - TR BT Ry 2 TR A - — (8 S0 HA RS =
K =R E ©

B - -3 + X' + 7 (YIEUE 40 Xy - 3y +y' HIRELE 6

A polynomial can be written in descending or ascending powers of the variable.

e.g. The terms of the polynomial x* — 3x? + 7 are arranged in descending powers of x.

The terms of the polynomial 7 — 3x? + x* are arranged in ascending powers of x.
IR & TH A B I R B BT R -

fgian = VA X - 3% + 7 BB X RS SIRC - ifi
LA 7 -3¢ + x* ASEFE S x 9T REHETIRIRL -

Consider the polynomial x* —3x* + 7. ZEZIE X" -3¢ +7 «

() Coefficients of G N
Variable | Degree X BRERHEL onstant L2 ©
ey R term terms
e | e |« HBOE TE#
X 4 1 0 -3 0 7 3

(i) When x = 1, the value of the polynomial = (1)* —3(1)* + 7 = 5.

Ex= 18 ZEAME = (1) -3(1)°+7=5-

Addition, Subtraction and Multiplication of Polynomials ZIERAYINE ~ BUERITEE

In performing addition and subtraction of polynomials, we should group the like terms together and then
combine the like terms.

HEFT A HINDERIBOERE > FATESEFETRAA GHEA - AR G OFEETH -



(b) In performing multiplication of polynomials, we can apply the distributive law of multiplication.
HEITHIARAOER; - TR DAFI ISR A O -
5. Factorization KRR fE
() Expressing a polynomial as a product of its factors is called factorization.
TR B R 15 - S (E AR SR -
(b) The following methods can be used to factorize polynomials: FeffIa] FJFH LA T AR S fF % HE -
(i) Taking out common factors. $ZHI/AAZ
(ii) Grouping terms. FfIEZE
(i) Using identities [e.g. a?—b?= (a + b)(a—b), a® + 2ab + b?= (a + b)? a’— 2ab + b’ = (a — b)?,
FIAEESR ga’—b’=(a—b)(a*+ab +b?, a’ + b’ = (a+b)(@@’—ab +b)].
(iv) The cross-method. +=FAH3E %
Worked examples:

Example 1.1 Find the values of the following expressions without using a calculator and give the answers in

integers or fractions. & FHEFEMOK MHIEEAVE » BRUEBEEO R -

(@) 8° x5 (b) 3% x (-2)° (c)5%+5° d) (7} x7*
-5
&) (@)%+@y ) (_ %j ‘9
Solution (@) 8°x5°=64x1 ¢ a=1
=64
_ 1 L1
(b) 32><(—2)3=3—2><(—8) C a -
1
=_x (-8
9 (-8)
__8
9
(c) 52+5°%=52"(9 C a"sa"=a" "
= 54
=625
(d) (73)2 X 774 = 73 x2 X 741 c (am)n =gmxn
=7%x7*
:76+(—4) c amxan:am+n
= 72
=49
(e) (23)72 =+ (471)3 = 23 x(2) . 4(71) x3 c @) =am"

— 276 - 473



Example 1.2

Solution

® [— %] X977 = (13)° x (32

- (71)5(35) x 32>< -2)
=-3x3"*
- _35 + (—4)

==3

C 4=2?

e a"-t g=%

n !

¢ (3°=[CLHE)P°
=(-1°(3)

C a"xa"=a"""

Simplify the following expressions and express the answers with positive indices.

(All the letters in the expressions represent positive numbers.)

BB TYIEG - BRLIEEELR - (Bl ArA TR IR TR - )

@ @'b)* (b) () (ch)®
2,3 2\°
(C) (X74Y)5 (d) (m—ZnS)—4 (n_j
X'y m

(a) (a4 b)—l — an x (1) b—l

- a.4 b—l

_a

b

5
(d) (m—2n3)—4(n2J =m72X(74)n3x(4) (_

10
_ n

= mén2 _
m

— m8-5,-12+10
=m n

¢ a"xa"=a

a
¢C —=a"+a"=a
a

¢ a"xa"=a

C (ab)"=a"n"

c (am)n = amx n

m+n

C (ab)"=a""

m-n

C (ab)"=a""

[3 el
b b"

m+n

m+an:am—n

a



Example 1.3

Solution

Example 1.4

Solution

Example 1.5

Solution

Example 1.6

Solution

Example 1.7

Solution

Simplify (2a—b) + (2b—3a). fiH{k (2a—b) +(2b—3a) -
(2a—Db) + (2b—3a)
2a-b+2b-3a ¢ Remove (§572) the brackets (FE5E).

_ —b+2
2a-3a-b b C Group (8H&) the like terms ([E]%E1E)
= —a+b and combine (&) the like terms.

(@) Add 2x+x*+3t0 3x2—x+1. K 3IE—x+1h0F 2x + x> + 3 [y4EE
(b) Subtract 3x*+5x—6 from 2x° —x*+4. KL 23 —x* + 4 J{E 3¢ + 5x— 6 IG5 R -

(@ (@BF-x+1)+@2x+x*+3)
=3¢ -x+1+2x+x*+3
=3+ X —x+2x+1+3 C Arrange the terms in descending powers

#2L) of x and combine the like terms.
A2+ x4+ 4 (%)

() (2 —x*+4)— (3% + 5% 6)

=2 -x*+4-3x%-5x+6 ¢ Beware of the “+”and ‘— signs when
brackets are removed.
=2x3-3C-x*—-5x+4+6

= x® x> 5x+10

Simplify the following polynomials. fH{E %126 TE= -
(@) 6x—4+2°-2x+1-x*-%° (b) 5—x*+3x*—8+7x'—2x* +x

(@ 6x—4+23-2x+1-x-x
=2 - -x*+6x—2x—4+1

=x—x*+4x -3

(b) 5-x*+3%-8+7x'—2x*+x
= X'+ 3¢ -2 +x+5-8
=6x* + X" +x-3
Multiply x —2 by 4x* + 3. 3F x — 2 Fell 4% + 3 {9455 -

B 2 C (ath)c+d)
(x—2)(4x" +3) = (a+b)c + (a+ b)d
= (x—2)(43) + (x-2)(3) = ac + bc + ad + bd

= ()4 - (@) + ()(3) - ((3)
=45 —8x* +3x—6
Factorize the following polynomials by taking out common factors.

HMFERRUARFHI T - A YIS IER -

(a) 6x*—3xy (b) 5x*—10x* + 15x
(@) 6x°—3xy = (3x)(2x) — (3N)(y)
=3X(2x —Vy) € Take out the common factor 3x.

(b) 5x3—10x%+ 15x = (5x)(x%) — (5x)(2x) + (5X)(3)
= 5)((x2 —2X + 31 & Take out the common factor 5x.



Example 1.8 Factorize the following polynomials by grouping terms. F|FHFIEE » (R0 fE 51265 -

@ xy+1l-x-y (b) ab —dc + bc - ad
Solution @ xy+1-x—y=xy—-x)+(1-y) ¢ Arrange the terms into two groups.
=xy-1)-(¢-1)
=(y=1(x-1) ¢ You can expand (y — 1) (x — 1) to check
whether the result is the same as the
(b) ab—dc+bc—ad = (ab — ad) + (bc — dc) given polynomial.
=a(b-d)+c(b-d)
=(b-d)(a+c)
Example 1.9 Factorize the following polynomials by using identities.
MR ER - W T IHER -
(a) 25x* -y (b) (2x—1)>—x (c) x*+16x+ 64
(d) 4x°—4xy+y° () 27x3+y° () 4x-32y°
Solution (@) 25x°—y? = (5x)* —y?
= (5x + Y)(5x —y) ¢ a’-b’=(a+b)a-h)
a=5xandb=y.
(b) (2x—1°—x* =(2x—1+x)(2x-1-X) ¢ a=2x-landb=x.
=(3x—1)(x—-1)

(c) x*+16x+64 =x*+2(x)(8) + 8°

= (x+8)° G a’+2ab+b%=(a+h)
a=xandb=8.

(d) ¢ —4axy +y? = (2x)° - 2(2X)(y) + Y

= (2x—y)? ¢ a’-—2ab+b’=(a-h)?
a=2xandb=y.
(e) 273 +y® =(Bx)°+y° ¢ a®+bi=(a+b)@’—ab+b?
= (3x + Y)[(3%)* — (3X)(Y) + Y] a=3xandb=y.

= (3% + y)(9x* — 3xy + V?)

() 43 -32y% =40 - 8y?)
= 4[x° - (2y)7]
= 4(x— 2y)[x* + (x)(2y) + (2y)°] ¢ a®-b’=(a-b)@ +ab+b?)

= 4(x = 2y) (X + 2xy + 4y?) a=xandb=2y.
Example 1.10 Factorize the following polynomials by using the cross-method.
M+ HHsRE - R0 T 51 Z5E -
(@) x*+2x-3 (b) 4x°—9x +2 (c) 6x*—13x-5
Solution (@ x*+2x-3 = (x=1)(x+3) C xe -1
X><+3
—X +3X = +2x
(b) 4x°—9x+2 = (4x—1)(x—2) ¢ dxe -1
x><72

—X -8x = -9x



(c) 6x*—13x—5 = (2x—5)(3x +1)
= 2X -5
3x><+1

—15x +2X

Exercise:
Part 1 Indices
Find the values of the following expressions without using a calculator. (1 — 7)

(Leave your answers in fractions if necessary.)

1Y 1
L@ (3 ) o
2. (a) 7°x7 (b) 3+(-5)°
3. (a) 5° (b) (-6)”
5\’ 1"
4 (@ _(Ej (b) [—gj
5 (a) (=3)°x9* (b) (-2)°x(-3)~
6. (a) 82247 (b) 97°+(-6)"
o (3 - 3. 1 N
. @ 2 (gj (0) (-3) T@
Simplify the following expressions and express your answers with positive indices. (8 — 18)
8. (a (b7 (b) ()
9. (a) [izj (b) (—igj
X y
10. (@) x*xx™* (b) yP+y?

11. (@) 2a*x5a”® (b) —3b™+(6b)
12. (@) (v)ixv® (b) W)7+u™)™
a’xa’ b*

13. (a) = (b) P
14. (@) (M°n™*)~® (b) (_ef;jj
15. (a) (4a%b)? (b) (-7c?d®)?
u’ N -2x° b
16. (a) (ﬁj (b) [ySJ
17 @ XL 0 L

-13x



L. G
18. (a) @) B) ~=gs

Find the values of the following expressions without using a calculator. (19 — 21)

(Leave your answers in fractions if necessary.)
19. (@) 12°-16"x4 (b) 36-+6°+37%x9
20. (@) —-81°x27* (b) 497" +7"-32x(-4)"

L (3 2\ (4)?

Simplify the following expressions and express your answers with positive indices. (22 — 29)

(270" (p7a")°

22, e 2 b
@ 8 ©) @3p'a?)?
23. (@) (4uv®)?xuv? (b) 6a*b®x(—2a?b*)?
24. (@) x'y®+(Bxy?)° (b) (2m°n~?)° +(-4m°n™*)
25. (a) (p7q?) x(p7Q)” (b) (16r°s™)™ +(2rs)
26. (8) (2p~°q*x3p’q™)? (b) [%)
Xy

27. (@) 6hk2x(h?k?)2+(h%™®)’ (b) (~3a2b)=+(6a%h?)? N
28, (o) (&) (MN) O -

(4m°n") (3hk*)2(=h"k ?)

25 (52" Xy (8x7y”?
29. (a) (azb)4x(3a5b2] (b) [ 2 J ( y" ]

Simplify the following expressions, where n is a positive integer, and express your answers with positive
indices. (30 — 31)

2n+2 3—3 x 91—n
30. @) —— b
( ) 4 x (2n )—2 ( ) 32n
31 (a) 2n—3 % 4—2n % 81—n (b) 33n—1 % 27n—l +9[1—1

Part 2 Polynomials

1. Complete the following table.

) Number of Coefficient of Constant | Degree of
Polynomial

terms x> | ¥ | x | Xy | term | Polynomial

(@) | 5x—7x"+8x’—2




(b) | 3x°y—4x° + 6x

(c) X +9x+3

(d) | 8x—5x"+4x -
Xy —7

2. Consider the polynomial 3a — 6a° + 5a° — 9.
(a) Arrange the terms of the polynomial in descending powers of a.

(b) Arrange the terms of the polynomial in ascending powers of a.
3. Consider the polynomial —8x* + 7x — 2x° + 11.
(a) Arrange the terms of the polynomial in descending powers of x.

(b) Arrange the terms of the polynomial in ascending powers of x.

Simplify each of the following expressions. (4 —9)

4. (@ (Gx+9)+(@3x-7) (b) (4-3y)+ (6y—11)

5 (@) (2x+y)—(x+4y) (b) (7y-2x) - (5x +8y)

6. (@) (2F¢-6x—1)+ (x*+5x+2) (b) (X°+4x +7) + (x*— 9x—23)
7. (@) (-3x*+5x—8)+ (2x*—5x—4) (b) (6X* —Xx —6) + (—4x*> — 8x — 1)
8. (a) (5x°+8x+9)— (X +x+3) (b) (x*—4x—3)— (6x* + 2x + 5)
9. (@) (7X+x+8)—(%—x+8) (b) (2x*—5x—7) — (-3x*— 6x + 9)

10. (a) Add4x*+ 2x + 510 —-8x* — 3x + 10.

(b) Subtract —6x* + 2x + 7 from x> — 9x — 1.

11. (a) Add-2x*—3x*+8x—11t0x>—7x*—6x + 7.
(b) Subtract 3x> + 5x* — x — 9 from 9x° — x* + 4x — 2.

Expand each of the following expressions. (12 — 19)

12. (a) 6x(x +3) (b) —2x(4x—7)
13. (@) —x(8-5x) (b) 3x(6x + X%

14. (@) (7x—2)(4x) (b) (2 + x)(-5x°)
15. (@) (x-9)(x+5) (b) (x+4)(6-x)

16. (a) (x+1)(x+7) (b) (5x—2)(3x—8)



17. (@) (5x + 8)(3 —4x) (b) (O + 7)(4x + 1)
18. (a) (x—6y)(x—y) (b) (2x—y)(x +5y)
19. (a) (8x+y)(2y—5x) (b) (4y-9X)(3x-7y)
Simplify each of the following expressions. (20 — 21)

20. (Bx—2)(6x+7)—9x  21. 8x*+ (5x +4)(9 - 2X)

Simplify each of the following expressions. (22 — 25)
22. (¢ +2¢-5)+ (3¢ +x+4)

23. (4% —6X—7x° +2) — (4x — 6 — 7X° +2x%)

24. (2xy + 4xz + z) + (7xz — 5xy) — (3z +xz — 6xy)

25. (4x°—7 +3x%) — [(8%* + 6x + 1) — (5x> + 2x — 9)]

Expand each of the following expressions. (26 — 29)
26. (a) 4x(5x*+x—6)(b) (7x—8x* + 3)(—x?)

27. @) (7-6x)(C+4x+2) (b) (3x+1)(9x° +5x—4)
28. (@) (Bx+2)(*—7x+5) (b) (4x—5)(BX*—6x+7)

29. (@) (10-5x—4x%)(2x+9) (b) (2% —7x +4)(5-8x?)

Simplify each of the following expressions. (30 — 33)
30. (x—2)(9x+4)+ (3x+1)(8-3x)

31, (x+7)°—(4x + 9)(1 - 2x)

32. (1-6x)(3x° +5—2x%) — Tx(4x + 1)

33. (3x—2)(x +6)(x—5) + 17x

Part 3 Factorization

Factorize each of the following expressions. (1 — 16)

1. (a) 6p°+24 (b) 3x*—x

2. (a) —ab-7ac (b) m®n—4mn?

3. (a) 10x*—5y + 20z (b) 2cd +d*+9d

4. (a) 12k +8Kk°—2k (b) —p*g®—p?q-6pq°
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10.

11.

12.

13.

14.

15.

16.

(@)
(@)
(@)
()
(@)
()
(@)
()
(@)
(a)
(@)
(a)

3Xz + 4yz + 9x + 12y
5m® + 7m — 10mn — 14n
pr + 18q + 3pq + 6r
4xy — 15yz + 20y* — 3xz
r’-~16

—9p® +4

36x° — y*

a’+8a+16

9s” 125 +4

X% — 16xy + 64y°

96b” - 54a*

7¢2 — 28c + 28

(b)
(b)
(b)
(b)
(b)
(b)
(b)
(b)
(b)
(b)
(b)
(b)

6ad — 2cd + 3ab — bc
3xy? — 12x% + 2y° — 8xy
-5ac + 4bd — 10ab + 2cd
7m® + 3n? + 21mn + m*n
81—k

64c? — 25

—49m? + 100n

k? —14k + 49

36b” + 60b + 25

4m? + 36mn + 81n?

X2y4 . X4y2

—27p? — 72pq — 4807

Factorize each of the following expressions. (17 — 22)

17.

18.

19.

20.

21.

22.

()
(a)
()
(a)
()
(a)

k® + 343 (b) n®-729

216 - 7° (b) 125x° + 64

a’ +27p° (b) 512p°-¢°
125m® + 8nd (b) 343x%—27y°
—6v° — 48 (b) 81-375k>
108¢> + 256d° (b) 13k%r®—104s®

Factorize each of the following expressions. (23 — 30)

23.

24.

25.

26.

27.

28.

29.

(@)
(@)
(@)
(@)
(@)
(@)
()

k? + 6k — 16 (b)
X+ 11x + 28 (b)
29° - 79 +5 (b)
40> +24b+11  (b)

10s-29s+21  (b)
8a’ — 26a— 24 (b)

9p® + 18pq—7q°  (b)

y?—9y +18

a’—4a—45

3r¥+r-14

6n°> —13n—19

97° + 97 — 40

—30p°—-27p—6

5¢% + 32cd + 12d?

11



30

. (a) 15x*—16xy +4y* (b) 28m*—20mn - 48n°

Factorize each of the following expressions. (31 — 40)

31.
32.
33.
34.
35.
36.
37.
38.
39.
40.

(a) 6m*n*—21m®n (b) —2p*g® - 8p°q* — 4p’q’r

(a) 12a®-—20ab — 9ac + 15hc (b) 10x + 20x%y — 5x* — 40y

(@) 4de+2df+6d+2e+f+3 (b) 2m +8n—10—3mk —12nk + 15k

(a) 9x*—8yz +6xy —12xz + 21x— 28z (b) abc — 5b%c + 2bc® — 4a’b + 20ab® — 8abc?
(@) (7r+2)*—64 (b) 4x*— (6y — 5x)?

(a) (a+4b)*— (3a—5b)? (b) (8m—3n)?— (2m + 9n)?

(@) (6p+1)%—12(6p+1)+36  (b) 81—18(7k—5)+ (5—7k)?

(a) 9¢®—16d? — (3c — 4d)? (b) 25p? + 10p — 490 + 14q

(@) 4x*+25y°—6x+ 15y —20xy  (b) 36a*+ 12ab + 4b* + 24ab’ + b?

(@) p?+4pq +4q*>— 100 (b) 9m?—64n? — 42m + 49

Factorize each of the following expressions. (41 — 44)

41
42
43
44

. (@) (x+4)*+216 (b) 27a%—(a+2)°®

. (@) 24+3(m-5)° (b) 5(1-6k)®—320

. (@ (@a+b)’~(2b-a)’ (b) (3x—y)° + (x +5y)°

. (@) 27p®-8q+q°—24p (b) a®-6a’b + 12ab’ — 8b°

Factorize each of the following expressions. (45 — 50)

45.
46.
47.
48.
49.
50.

51.

52.

53.

(a) 36— 27a+ 5a’ (b) 9% — 4y? + 16xy

(a) —4k?+ 3k + 10 (b) —18n? + 45n — 25

(a) —54r— 27 — 24r? (b) 42— 10p — 12p°

(@) 6x° + 18x° — 24x (b) 4a% — 30a’h? + 36ab®

(@) (3m-1)2—4m (b) 21— (2k + 5)(k + 3)

(@) (4p+5)(p-2)+(p+2)° (b) (y+7)By-4)+(1-y)(5y+2)-6
(a) Factorize 36 —48n + 16n°.

(b) Using the result of (a), factorize 2m? — 72 + 96n — 32n.

(a) Factorize k* + 1.
(b) Using the result of (a), factorize k® — k® + k* — 1.

(a) Factorize (b — 3a)? — 4b® + 12ab.
(b) Using the result of (a), factorize (a> — 3a — 10)> — 4(a® — 10)? + 12a(a* —-10).
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ANS:

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

Part 1.
1. (@ 1 () 1
2. (@ 7 (b) 3
1 1
3. a) — b) —-—
®) 25 () 216
4. (@ -1 (b) 64
5 (@ -3 (b) —7—12
1 4
6. (a) 2 (b) a1
125 1
7. (@ — b) -—
@ 27 () 243
1
8. (a o () 1
9. (a x¥? (b) —y*
10. (@) X (b) is
y
10 b®
12. (@) V2 (b) %
u
1
13. (a) aY (b) o
n'? 1
14. (a) e (b) oE
b’ 343d*
15. (a by -
@ 16a* (b) c’
ot*® 1
16. (a) N (b) Toxy®
Part 2:
1.
_ é) Coefficient of = _
8 < 5 5 .S
g 5 = | 85
£ 5 2|z
o E (|| x|xy| & 08
éﬁ O
(@) | Bx-7¢+8x-2 4 |8 |=7|5 |0 | =2 3
(b) | 3xYy —4x*+ 6x 3 |0|4|l68 ]3]0 4
(c) | X*+9x+3 3 |of=1|9 |0 3 2
(d) | 8x—5x"+4x*—x}y -7 5 | 4|58 || 1 4

(@) —6a*+5a’+3a-9

(b) —9+3a+5a*-6a’°

3.

(@)

@)

@)

(@)

(@)

@)

(@)

@)

@)

@)

(@)

(@)

@)

(@)

@

2% -8+ Tx + 11

(b)
(b)
(b)
(b)
(b)

(b)

(b)

(b)

(b)

(b)

(b)

(b)

(b)

(b)
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(b) 11+7x-8x%-2x°

4.(@)8x+2 (b)3y-7

5.@x-3y (b)-y-7x
6.(@)3%¢—x+1 (b)2x*—5x+4

7.(@)¢-12 (b) 2*—9x -7

8.(@)4x*+7x+6 (b)-5x°—6x—8

9. (@) -8x2+2x (b)5x%+x—16
10. (a) 4x*—x+15 (b) 7x*—11x—8

11. (@) x*— 103+ 2x—4 (b) 6x°—6x* +5x + 7

12. (a) 6x2 + 18x  (b) -8x* + 14x

13. (a) -8x +5x* (b) 18x* + 3x*

14. (a) 28x*—8x  (b) —10x° — 5x*

15. (@) x> —4x— 45 (b) —-x* + 2x + 24

16. () 2x2+ 15x + 7 (b) 15x* — 46x + 16

17.(a) —20x2 —17x + 24 (b) 4x3 + X2+ 28x + 7

18. (@) X2 — 7xy + 6y*  (b) 2x% + 9xy — 5y?

Part 3:
1. (a) 6(p? +4) (b) x(3x—1)

2. (a) -a(b + 7¢) (b) mn(m*-4n)

3.(a)5(2x°—y +4z) (b)d(2c+d®+9)

4. (a) 2k(6k* + 4k — 1)  (b) —pq(p°q® + p + 6¢7)

5.(@) (3x+4y)(z+3) (b)(3a—c)(2d +b)

6. (@) (Gm + 7)(m—2n) (b) (y* — 4x)(3 + 2y)

7.(a) (p+6)(r +3q) (b)(2b+c)(2d-5a)

8. () (4y—3z)(x + 5y) (b) (7m + n)(m? + 3n)
9.(a) (r+4)(r—4) (b)(9+k)(©9-k)

10. () (2 +3p)(2—-3p)  (b) (8c +5)(8c —5)

11. (a) (6x +y)(6x—y) (b) (10n + 7m)(10n — 7m)

19. () —40x2 + 11xy + 2y*  (b) —27%° + 75xy — 28y?
20.18x*— 14

21.-2x%* +37x + 36

22. 3 -2 +x-1

23.11x* - 9x* — 10x + 8

24, 3xy + 10xz — 2z

25, 8x3 — 4x? — 4x — 17

26. (a) 20x% + 4x2 — 24x  (b) 8x* — 73 — 3%

27.(a) -6X0 — 17x2 + 16x + 14 (b) 27x* + 9x® + 15x* — 7x— 4
28.(a) 3x°—19x° + x + 10 (b) 12x® — 39x* + 58x — 35

29. (a) —-8x> — 46x*> — 25x + 90  (b) —16x* + 56x° — 22x* — 35x + 20
30. 7x

31. 9x% + 28x + 40

32, —18x* +15x° - 30x* - 37x + 5

33.3x% + x* — 75x + 60

12. (@) (a +4)* (b) (k—7)?

13. (@) 35— 2)* (b) (6b +5)?

14. (8) (x—8y)> (b) (2m + 9n)?

15. (a) 6(4b + 3a)(4b —3a)  (b) X*yA(y + X)(y — X)

16. (a) 7(c—2)> (b) -3(3p + 4q)°

17. @) (k + 7)(K* = 7Tk + 49)  (b) (n—9)(n* + 9n + 81)

18. (a) (6 -2)(36 + 62 + 7°)  (b) (5x + 4)(25x% — 20X + 16)

19. (a) (a + 3b)(a® — 3ab +9b%)  (b) (8p - )(64p” + 8pq + o)

20. (a) (5m + 2n)(25m? — 10mn + 4n%)  (b) (7x — 3y)(49x? + 21xy +
9y)

21. (a) —-6(v + 2)(v*—2v+4) (b) 3(3—5k)(9 + 15k + 25k?)

22. (a) 4(3c + 4d)(9c® — 12cd + 16d?)  (b) 13(kr — 2s)(K?r? + 2krs +
14



4s?%) 38. (a) 8d(3c—4d) (b) (5p +7q)(5p —7q + 2)

23.(@) (k—2)(k+8) (b)(y—-6)(y-3) 39. (a) (2x — 5y)(2x—5y—3) (b) (6a + b)(6a + b + 4b?)
24. () (x+4)(x+7) (b)(@a-9)(a+5) 40. (@) (p+2q+10)(p+29—-10) (b) Bm+8n—-7)(3M-8n-7)
25.(a) (q—-1)(2q—5) (b) (r—2)(3r+7) 41. (a) (x + 10)(x* + 2x + 28)  (b) 2(a—1)(13a’ + 10a + 4)

42. (a) 3(m—3)(m?—12m + 39) (b) —45(2k + 1)(12k? — 12k + 7)
26.(a) (2b + 1)(2b + 11) (b) (n + 1)(6n — 19)
43. (a) (2a—b)(a®—ab + 7b%)  (b) 4(x + y)(7x* — 10xy + 31y?)
27.(a) (2s—3)(5s—7) (b) (3z—5)(3z +8)
28.(a) 2(a—4)(4a+3) (b)-3(2p +1)(5p +2) 44.(a) 3p +q)(9p° ~3pq + q°—8) (b) (a—2b)°
29.(a) Bp-a)@p +7a) (b) (c +4d)(5¢ + 3d)
45, (a) (a—3)(5a—12) (b) (x + 2y)(9x — 2y)
30. (a) (3x — 2y)(5x — 2y)  (b) 4(m + n)(7m — 12n)
46. (a) —(k — 2)(4k + 5) (b) —(3n —5)(6n —5)
31. (a) 3m*n(2n®*—7m) (b) —2pq®(p? + 4q + 2r)
47.(a) -3(2r + 3)(4r +3) (b)—2(2p—3)(3p +7)
32.(a) (3a—5b)(4a—3c) (b) 52— x°)(x - 4y)
48. (a) 6x(x — 1)(x + 4) (b) 2ab(2a — 3b)(a — 6b)
33.(@) 2d+1)(2e +f+3) (b) (2-3Kk)(m +4n-15)
49. (@) (m—1)Om—1) (b) —(k + 6)(2k — 1)
34.(a) 3x—42)(3x + 2y +7) (b) b(c — 4a)(a—5b + 2c?)
50. (@) (p—1)(5p +6) (b)-2(y-8)(y-2)
35. () (7r +10)(7r—6)  (b) 3(2y — x)(7x — 6Y)
51. (8) 4(2n—3)* (b) 2(m + 4n—6)(M—4n + 6)
36. (a) (4a—b)(9b—2a) (b) 12(5m + 3n)(m — 2n)
52.(a) (k+ (¥ —k+1) (b) (k- 1)k +1)*(K —k+1)
37.(a) (6p—5)° (b)49(2-k)?
53.(a) -3(b—3a)(a+b) (b)-3(a->5)(a+2)@2+a-10)



